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In the paper the linear underdetermined system of a special type is considered. Sys-
tems of this type appear in non-homogeneous network flow programming problems in the form
of systems of constraints and can be characterized as systems with a large sparse submatrix
representing the embedded network structure. A direct method for finding solutions of the
system is developed. The algorithm is based on the theoretic-graph specificities for the struc-
ture of the support and properties of the basis of a solution space of a homogeneous system.
One of the key steps is decomposition of the system. A simple example is regarded at the end
of the paper.
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1. Introduction

The work on this paper was motivated, mainly, by the analysis of prob-
lems of non-homogeneous network flow optimization on large data files [1]-[3],
[5]-[7]. Our main goal was to develop an effective (direct) method for solv-
ing large sparse systems of linear equations with embedded network structure,
which appear naturally, e.g. as systems of constraints, in a broad class of non-
homogeneous network flow programming problems.

The ’'network nature’ of the regarded system allows keeping data in the
matrix-free form in the computer memory. The formulae, derived within the
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paper, are written in the component (network) form to provide clear approaches
towards developing computational algorithms using efficient data structures for
graph representation [1].

The general idea of the method is based on the following key steps:

e Distinguishing between the network part of the system and the addi-
tional part. The network part of the system represents a network structure
and corresponds to the network part of the system of main constraints of a non-
homogeneous network flow programming problem [1], and is given, traditionally,
by balance equations, written for the nodes of a network. The additional part of
the system corresponds to the additional part of the system of main constraints
and can have a general form. We start the solution by considering the network
part of the system only.

e Introduction of the support of the network for a system. The term ’sup-
port of the network’ (also referred to as network support, or support) is borrowed
from optimization theory [2], [3] and is used here for further compatibility with
applications in problems of non-homogeneous network flow programming. The
actual meaning in this paper is — a set of indices of variables (or, in the network
terms, - a set of arcs) corresponding to columns, which form a basis minor of the
matrix of a system. We study the support for the network part of the system,
finding the correspondence between the columns of a basis minor and a family
of spanning trees.

e Construction of a general solution for the network part of the system.
We compute a basis of a solution space of the corresponding homogeneous system
and interpret the basis vectors as characteristic vectors, entailed by non-support
arcs. A simple approach for finding a partial solution of the (non-homogeneous)
system is provided.

e Decomposition of the system. We perform column decomposition of the
system by separating the variables according to the sets - Ur, Uo and Uy, which
consist of the arcs of the support for the network part of the system, cyclic arcs
and non-support/non-cyclic arcs respectively; and, finally, sequentially express
the unknowns corresponding to the sets Uo and Ur in terms of the independent
variables corresponding to the set Uy.

1.1 General form of the system

Let S = (I,U) be a finite oriented connected network without multiple
arcs and loops, where I is a set of nodes and U is a set of arcs defined on
IxI(|I] < oo, |U|] <o0). Let K (|K| < 00) be a set of different products (types
of flow) transported through the network S. For definiteness, we assume the set
K ={1,...,|K|}. Let us denote a connected network corresponding to a certain
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type of flow k € K with S¥ = (I¥ U*), I* C I,U* = {(i,5)* : (i,5) € U*},U* C
U - a set of arcs of the network S carrying the flow of type k. Also, we define
sets K(i) = {k € K :i € I*¥} and K(i,j) = {k € K : (i,5)* € U*} of types of
flow transported through a node i € I and an arc (i,j) € U respectively.

Let us introduce a subset Uy of the set U, and let K(i,7) C K (i,7), (i,]) €
Uy be an arbitrary subset of K (i,7) such that |Ky(z,7)| > 1.

Finally, the initial network S = (I,U) may be considered as a union of
| K| networks S*, combined under additional constraints of a general kind.

Consider the following linear underdetermined system

(1) Z xf;j— Z x?i:af, iel* keK,

JELT(UF) JEI7 (U¥)

(2) > > APk =0, p=T4,

(4,7)€U k€K (i,5)

(3) > afi =z, (i) € U,

where I,"(U*) = {j € IF : (i,5)F € UF} |, I, (U*) = {j € IF : (j,i)F € UF};
k.

f,)\” ,ap, 2ij € R - parameters of the system; x = ( (i, )F e UF k € K)-
vector of unknowns.

The matrix of system (1) - (3) has the following block structure:

M

(4) A= Q
T

Here M is a sparse submatrix with a block-diagonal structure of size
Z |T%] x Z |U*| such that each block represents a |I¥| x |U¥| incidence matrix
keK keK
of the network S* = (I*,U¥), k € K, namely, M = My @ Mo @ --- P Mg ,
where My, k =1,...,|K]| are blocks of matrix M; @Q is a g X Z \Uk\ submatrix
keK

(dense, in the general case) with elements )\Up, (i,j) e Uk e K(i,j) p=1,q;T

is a |Up| x Z |U*| submatrix consisting of zeros and ones, where all the nonzero
keK
elements appear in columns corresponding to arcs (i, j)*, (,5) € Uy, k € Ko(i, 7).
We assume that Z || 4+ q + |Uy] < Z |U*|.
keK keK
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2. Network part of the system

We start the solution of system (1) - (3) by considering the network part
of the system.

Definition 1 We call system (1) the network part of the system (1)-(3).
Systems (2) and (3) are called the additional part of the system (1)-(3).

Before we proceed, let us recall the following necessary and sufficient
condition of consistency for system (1) implied by Kronecker-Capelli theorem:

Y df=0keK

icIk

Theorem 1. (Rank theorem) . The rank of the matriz of system (1)
for the network S = (I,U) equals Z 1% — | K.
keK

Proof. Since matrix M of the system (1) has the form

M=M1®M2@'“@M\Klv

where Mj, is a diagonal block of matrix M, k = 1,..., |K|and rank M, = |I¥|—1

K|
1] thenrankM:ZrankMk:Z(\I’“!—l)zZ]lk\—\K!. n
k=1 keK kEK

Remark 1. We assume, without loss of generality, that the rank of
the system (1) - (3) is Z \I*| — |K| + g+ |Uy]| , where ¢ + |Up| is a number of
equations in the additi(];flgl part (2) - (3).

Since the matrix of system (1) has the block-diagonal structure, we split
the solution of the system into | K| solutions of (independent) systems , each
of which corresponds to a separate block, i.e. to a fixed £k € K , and has the
following form:

(5) Z xf;j— Z xé‘-}:af, ielk

jer (uk) JEI; (UF)
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2.1 Support Criterion
Let us define a support of the network S = (I,U) for system (1).

Definition 2. The support of the network S = (I,U) for system (1) is
a set of arcs Ur = {U} C U*, k € K} such that the system

(6) Yooaf— > ah=0, ielfkeK

JELF (UF) JeI7 (Uk)

has only a trivial solution for Uk = Uqli, but has a non-trivial solution for
Uk = Uk k€ K\ ko; Uko = U (@, j)k0, (i,5)k ¢ UM, ko € K.

Theorem 2. (Network Support Criterion). The set
Up = {Uk k € K}

is a support of the network S = (I,U) for system (1) iff for each k € K the set
of arcs UF is a spanning tree for the network S* = (I*,U¥).

Proof. Follows directly from the proof [3] for the case when |K| =1
and the block-diagonal structure of the matrix of the system (1). [

2.2 Basis of a solution space of a homogeneous system. Char-
acteristic vectors

Before introducing the definition of a characteristic vector, let’s analyze
the structure of a network obtained by appending an arbitrary arc (7, p)* €
Uk \ Ué‘i, where k£ € K is fixed, to the support Up.

For a fixed k € K we consider a network S* = (I*, UL (7, p)*), (1, p)* €
Uk\ Uqli, where the set Ué‘i is a spanning tree of the network S* . Appending
an arc (1, p)* € U¥\ Uk to the tree entails a unique cycle. We denote this cycle
with L’jp. The set Zj = {L’ﬁp, (1,p)k € U*\ UE} is the fundamental set of cycles
with respect to the spanning of the network S* [1].

Let us consider a cycle L¥ | entailed by an arc (r,p)F € UF\ Uy. We
define the detour direction within the cycle Llﬁp corresponding to the arc (7, p)*.

Definition 3. We call an arc (i,7)" € L’ﬁp, where k € K is fixed, a
’;‘p, if the direction of the arc (i,)* is the same as
the direction of the arc (7, p)* within the cycle Llﬁp. Similarly, we call an arc

(i,7)* € L’ﬁp, where k € K is fixed, a backward arc of the cycle pr, if the

forward arc of the cycle L
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direction of the arc (i, j)* is opposite to the direction of the arc (7, p)* within
the cycle L% "

We denote the sign of an arc (i, j)* within a cycle L’ﬁp by sign(i,j)Lﬁﬂ ,

1, (i,5)F € LFF

(7) signti gy = | 1 e 1
b 7 .7 g k Z;'p?

0, (Za.]) g LTp

where L’ﬁ; and Llﬁ; are the sets of forward and backward arcs of the cycle L¥ 0
with a direction corresponding to the arc (7, p)*.

Let us give a constructive definition of a characteristic vector, entailed
by an arc.

Definition 4. Characteristic vector, entailed by an arc (7, p)¥ € U*\Uk
with respect to the spanning tree Uf , is a vector 6 (7, p) = (5%(7', p), (i, j)F €
U*), where k € K is fixed, constructed according to the following rules:

e Add an arc (7, p)* € UF\UE, to the set U k € K , which is a spanning
tree for the network S*¥ = (I*, U¥); and thus create a unique cycle L¥ "

e Let the arc (7, p)* set the detour direction within the cycle Llﬁp and
671?/)(7—’ p) =1

e For cycle’s forward arcs, let 55“]-(7, p) =1.

e For cycle’s backward arcs, let 61@ (r,p) =—1.

o Let 55(7’, p) =0, (i,§)* € Uk\Lﬁp .

For briefness, further in this paper, we will call a characteristic vector
8 (r, p), entailed by an arc (7, p)*, with respect to the spanning tree Ué‘i, a char-
acteristic vector §%(r, p), entailed by an arc (7, p)*, or, simply, a characteristic
vector 6% (T, p).

The next two lemmas state the essential properties of characteristic vec-
tors.

Lemma 1. A characteristic vector 6*(7,p), entailed by an arc
(1,p)k € UF\ UE, where k € K is fived, is a solution of the homogeneous linear
system (8)

jeI- (U

K3

(8) dooaf— > ah=0, iel”
JELF(UF) €l (UF)
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Proof. Let a support Ur = {Uk k € K} be defined. For a fixed
k € K we consider the set Uqli which is, according to Theorem 2, a spanning
tree for the network S*, and let Llﬁp be the unique cycle of the network Sk =
(I*,UXJ(r, p)¥), which appears after appending the arc (7,p)k € U*\ Uk to
the set Urfi.

Consider the vector ¥ = (xf“'J, (i,7)¥ € U*) of unknowns in system (8).

Let us let :cf] =0,(i,5)* € Uk\pr. Thus, the system (8) can be reduced
to

9) Sooakh— > abh=0 iert),

JELF(LE,) jEI; (Lk)

where I (L’jp) denotes all nodes in cycle Llﬁp.
Letting xlﬁp = 1, from the reduced system (9), we can easily define the
values of the remaining unknowns xfj, (i,5)% € LE,\ (7, p)F:
IEZ = Szgn(z’])LTp’ (Za.])k € Lﬁp \ (Ta p)k

Algorithmically, after letting x’ﬁp = 1, we pass from node 7 to node p
o
to the values of signs of the corresponding arcs within the cycle L’jp.

along the cycle L% | consecutively setting the unknowns xfj, (i,5)F € L* A\ (T p)k,

Note, the constructed solution vector z* satisfies all the rules of Definition
4 of a characteristic vector, entailed by an arc (7, p)*, and hence §*(r,p) = z*
is a solution of the homogeneous linear system (8). [

Lemma 2. The set {§%(7, p), (7, p)¥ € UF\UE} of characteristic vectors,
where k € K 1is fixed, forms the basis of a solution space for the homogeneous
system (8).

Proof. According to Lemma 1, each characteristic vector satisfies the
homogeneous system (8).

By Theorem 2, for a fixed k € K, the set Uqli is a spanning tree for the
network S¥ = (I¥, U*), hence |[UX| = |I¥|—1. Thus, the number of characteristic
vectors in the set {6%(7, p), (1, p)* € U*\ UL} equals |[U*\ UE| = |U*| - |I¥| + 1.

Now it suffices to show that all the vectors in the set are linearly inde-
pendent.

Each characteristic vector 6%(, p), entailed by some arc (7, p)¥ € U*\UE,
always has even one component, corresponding to the set U*\ Urfi, that is equal
to 1. It corresponds to the arc (7, p)¥ € U*\ U% that has entailed this vector.
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All the other components, which correspond to arcs U\ Lﬁp, are equal to 0.

This fact implies that any two characteristic vectors, entailed by different arcs,
are linearly independent. |

Theorem 3.  The general solution of system (5), for a fized k € K,
can be represented using the following form.:

(10)
N - k.. NIk
de S gt (- 5 il ),
(T,p)keUR\UL (T,p)keUR\UE
(i.5)* € Uf, oz, €R, (r,p)" € UM\ UF,
where ¢ = (ifj, (i,7)¥ € U*) is any partial solution of the non-homogeneous

system (5); x’ﬁp are independent variables corresponding to arcs (1, p)* € UF\UX.

Proof. Let 2% = (xf;], (i,7)* € U*) be a general solution, and
ik = (ifj, (i,7)* € U¥) - a partial solution, of the system (5). Since, by Lemma
2, the set {6%(,p), (1, p)* € U\ UK} of characteristic vectors forms the basis
of a solution space for the homogeneous system (8), we can write the expression

for 2* in the following vector form:

(11) = Y k() +
(T,p)k€UF\UE

as a sum of a general solution of the homogeneous system (8) and a partial
solution of the non-homogeneous system (5); o/ﬁp € R are coefficients of the
linear combination of characteristic vectors in (11).

Rewriting (11) in the component form we obtain:

(12) o= > b h(rp)+ak, (5)F € Ups
(T,p)keUR\UL
(13) ok, =k, + 3k (1,p)F € UN\UE.

From equations (13) we find of, = 2% — 3% = (7,p)* € UM\UF and

substitute into (12). Finally, rewriting components of characteristic vectors
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according to (7), we obtain the expression (10) for the general solution of the
system (5). ]

Remark 2. In practice, for construction of a partial solution

7k = (jf], (i,7)* € UF) of the system (5), we a priori assume ¥ =0, (1, p)* €

UF\UE and solve the system
dooEy- Y d=af, iel
JELT(UR) Jel; (UF)
Thus, formula (10) gets to the form:
RN L S S
(14) = Y aksion(i )+ 7 (0)" € U,
(r.p)REUM\UE
B R, (r o) € URUL

Further, we will use the formula (14).

3 Decomposition of the system

Let Ur = {Ujli,k: € K} be a support of the network S for the system
(1). We define a set Uc = {UL C UM\UE k € K},|Uc| = q + |Uy| of cyclic arcs
by selecting ¢ + |Up| arbitrary arcs from the sets U\U%X k € K. We denote
Unv = {Uk,k € K},UY = UN\(ULJUL),k € K - the set of remaining arcs,
which were not included neither to the support Ur, nor to the set of cyclic arcs
Ue.

Let us substitute the general solution (14) of the system (5), for each
k € K, into (2):

Z Z)\kpk_z Z )\kpk_

(4,J)€U k€K (3,5) keK (i,j)keUk

S VD VIR TFS DI DI U

keK (ij)keUk keK (1,p)kcUR\UL

- Z Z )\ZP Z xlﬁpsign(i,j)yﬁp +ak | +

keK (i,5)keUk (T,p)keUR\UE

(15) + Z Z )\fﬁxm ap, p=1,q

keK (r.p)keUR\UK
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We change the summing order in (15):

Z Z zk Z )\ T sign (i, j) Tﬂ—i—Z Z )\kpk

REK (r.p)k UM\ UF (w)’“eU’“ keK (i,j)reUk

Q

(16) + Z Z )\fgazm =ap p=

keK (7,p)keUR\UE

In equations (16) we group the variables, corresponding to the sets U¥\UZ,
ke K:

Z Z xlﬁp )\kp—i- Z )\ szgnz]) =

keK (r,p)keUR\UE (i,5)k €U,

(17) —ap— > > NPEl.p=Txq.

kEK (i,5)keUk

Definition 5. We call the number

(18) Rp(Llﬁp): Z )\ J sign(i, ])
(L.j)*elk,

the determinant of the cycle LTp, entailed by an arc (1, p)F € UF\UE, with re-
spect to the equation with the number p of the system (2).

Let us denote

(19) AP = o, — Z Z )\kp fj,p—lq.

keK (ij)keUk

The equations (17), according to formulae (18), (19), get to the form:

(20) Z Z Rp(Lﬁp)xﬁp = Ap7 p= 17(1 .

k€K (r,p)keUR\UE

In (20) we group the variables, corresponding to the sets Uéﬁ, ke K:

@) Y Y Rlhd, -4 - Y Rtk —Ta.

keK (1,p)keU keK (r,p)k Uk
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Now, we apply the similar considerations to the system (3). Note, that
(3) can be regarded as a particular case of the system (2) with )\Zp equal to 0
or 1.

Let us substitute the general solution (14) of the system (5), for each
k € K , into (3):

k _ k k __

Yoowh= Y ah+ Y ahy=
kEKO(ZJ) keKO(l7])7 keKO(l7])7
(i,5)FeUk (i,5)F€UR\UE

- Y | T it
keKo(i,j), | (r.p)keUr\UK
(i.)* €Uk

(22) + > abi=zy, (1)) €U
keKo(i,j),
(4,§)keUR\UE
Now, after changing the summing order and grouping the variables, cor-
responding to the sets UK\UX, k € Ky(i, j), (i,7) € Uy in (22), we obtain

(23) > ak sign(i, §)e = 24 — &, (4,5)el.
keKo(i,5), keKo(4,5),
(T.p)keUr\UE (4,5)k €U

On this step let us introduce the following notation:

(24)
sign(i, )= k € Ko(i, 7)

63 (L%,) = (i,5) € Uo, (1, p)F € UMUK, k € K.
0’ k ¢ KO(Za.])

Thus, equations (23) get to the form

(25) Z Z S5 (LE )ak, = Aij,  (i,5) € U,

KEK (r,p)k€UM\US

(26) Aj=zi— > & (i) €U
keKO(Zaj)a
(i,5)" €Uk
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In (25) we group the variables, corresponding to the sets Uéi, ke K:

o ou(Lk)ak, =

keK (r,p)keUL

(27) =Aiy =Y Y. &LE ek, (i,4) € U

heK (rp)eUl;

Finally, let us rewrite equations (21) and (27) in the matrix form. For
this purpose, we introduce arbitrary numberings of arcs within the sets Uy and
Uc. Thus, £ = £(i,7) is a number of an arc (i,7) € Uy, £ € {1,2,...,|Uy|}; and
t = t(7, p)* is a number of a cyclic arc (1, p)* € Uk, k € K,t € {1,2,...,|Uc|}.
In other words, we number the equations of the system (3), or (27), and the
variables, corresponding to the set Uc. Note, the numbering of cyclic arcs is
equivalent to the numbering of the set {L%,, (r,p)* € Uk, k € K} of cycles,
entailed by arcs (7, p)* € Uéi, with respect to spanning trees U} of the networks
Sk,

Now equations (21) and (27) can be regarded as following:

(28) Dxzc = 3,

where D = (g;), D, = (Rp(L’ﬁp),p =1,q,t(1,p)* = 1,|Uc|) - submatrix of the
size ¢ x |Uc|, Dy = (8i5(L%,),£(i, 5) = 1,100l (7, p)* = 1,|Uc|) - submatrix of
the size |Up| x |Uc|, zc = (2%, (,p)* € UL, k € K) - vector of unknowns with

T,
components ordered according to the numbering ¢ = (7, p)*.
The right-hand side of (28) has the form:

— /817’ p= 17q )
(29) b < ﬂq+£(i,j)a (Za.]) € U ’

where 3, = AP — Z Z Rp(Llﬁp)xljp,p =1,q,
keK (r,p)keUf

Boregy = A — >, 0y(LE )2k, (i,4) € Uo.

kEK (r,p)keUk

From (28), in case of non-singularity of the matrix D, we find the un-
known variables x¢, corresponding to the set Ug of cyclic arcs:

(30) zc=D7'5.
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Remark 3. Generally, because of an arbitrary selection of arcs for the
set Uc = {Ug, k € K}, non-singularity of the matrix D is not guaranteed. In the
case when det D = 0 one should re-select arcs into the set U and re-compute
D, 3 for the system (28).

Let D71 = (v4;1,s = 1,|Uc|). We rewrite (30) in the component form:

q
=N b+ Y Vgt Baregy t = Hr ), (7, p)" € Ubk € K.
p=1 (4,5)€U0

Thus, we have determined all the unknown variables z* = (mZ, (i,7)* €
U* k € K) of the system (1) - (3):

q
k
Lrp = Z Viplp + Z Vt,q+€(i,1) Pa+e(ing)

(31) t=t(r,p)*, (r,p)* € UL, k € K,

N k.
(32) '/I’.f;] = Z (I,'ﬁpS’LgTL(Z,])L"'P + w'f;j + x’?j’ (Zuj)k € U’éiv ke K,
(rp)keUy

xfp S Rv (ij)k € U]]f/'v

where wfj = Z xfpsign(i,j)yfcp.
(T.p)FeUE

Note, the components of the vector &% = (ifj,(i,j)k‘ c UF) of a
partial solution of the system (5) are constructed according to the rules in the
Remark 2.

Before we start with a simple example, let us briefly discuss the most
important, in our opinion, aspects of the method. Although the strict estimate
of complexity was left beyond the scope of the paper, one can notice that the
described approach, if implemented on proper data structures, leads to efficient
algorithm: the reasonable part of computations is done on small subsets of arcs,
e.g. on ’isolated’ cycles - (7), (18), or spanning trees - (19), (26). The use of
the embedded network structure allows performing decomposition of the system
and, finally, inverting the matrix D (28) of a size much smaller than that of the
initial system (1)-(3). Moreover, the fact that the same results were obtained
for each type of flow k € K, e.g. Theorem 2, Lemmas 1 and 2, formulae (14),
makes the method ready for implementation in parallel environment.
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However, the power of the approach is appreciated in the context of large
problems of non-homogeneous network flow programming with (1)-(3) being
the system of main constraints, where the presented ideas provide the uniform
technique for computing essential quantities: increment of an objective function,
feasible directions, pseudo-flow, etc.

Currently the authors work on the application of the obtained results
for derivation of an optimality criterion for a broad class of non-homogeneous
network flow programming problems.

4. Example

Let us consider the example (1a) - (3a) of the problem (1) - (3) for the
network S = (I,U), I = {1,2,3,4,5}, U = {(1,2),(1,3),(2,3),(2,4),(3,4),
(4,5),(5,3)}. Let K = {1,2,3} be the set of types of flow, Ul =
{(1,2),(1,3),(2,3)}, U? = U3 = {(2,3),(2,4),(3,4),(4,5),(5,3)} - the sets of
arcs carrying the flow of type k,k € K. We construct the networks S¥ =
(I*,U*),k € K (Figure 1).

1 1 _
x%Q + x%3 =4
55123 - 55112 =

2 2 _
, x232—|—x242—5
T3y — T3 — Tsy = —D
(1a) 2 _ .2 _ .2 _1
95452 95242 L34 =
T3 — xy5 = —1

x§3 + x§4 =95
55%4 - 5533 - xga =7
95?15 - x§’4 - 9534 =1
xga - 5535 =1

2a1y + 3aly + w3 + 4033 + 2233 + 323, — a3, + 223, + 23—
.’L'?lg) + 71'35 + 1%3 + 2.’1]%3 = 69
1 1 1 2 3 30 3 2 3
Ty + 2213 + 253 + Dx53 + 3xhy — Xy — Ty + 254 + Ty
223 + 3x3- + 2135 — 135 = 58

(3a) x5 a3y =1
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Figure 1: Union of networks S* = (I*,U*),k ¢ K = {1,2,3}
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We choose a support of the network S = (I,U) for the system (1a). By

Theorem 2 (Network Support Criterion), we build spanning trees
Uk k € K = {1,2,3}: Ut = {(1,2)1,(1,3)'}, U2 = {(2,3)%,(2,4)%, (4,5)*},

U3 ={(2,4)3,(3,4)3,(4,5)%}.

Now, we compute the set {5%(7, p), (7, p)¥ € U* \ UK} of characteristic
vectors with respect to the constructed spanning tree U, k € K = {1,2,3}.

Table 1 The set of characteristic vectors with respect to the spanning

tree U}

(4,5)"

(1,2)"

(1,3)!

(2.3)"

k _ 51
5ij(7'a p) = 51']'(2’3)

1

-1

1
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Table 2 The set of characteristic vectors with respect to the spanning
2
tree Us

(i,)? (2,3)* | (2,47 | (4,5)° | (3,4)* | (5,3)"
555(7, p) = 055(3,4) 1 —-1
85(m,p) = 65(5,3) | —1 1 1 0

Table 3 The set of characteristic vectors with respect to the spanning
3
tree Up

(i,5)° (2,4)° | 3,4)° | (4,5)° | (2.3)° | (5,3)°
o55(m,p) = 65(2,3) | —1
875(7,p) = 65;(5,3) 0 1 1 0

Let us compute the partial solution of the system (la) for each k €
K = {1,2,3} according to the Remark 2: ' = (#1,,71;,713)T = (—6,10,0)T

9
2 (22 22 22 22 =2 NT _ T ~3 (23 23 23 23 ~3\T _
T° = (T35, 54, T5, T34, T53)" = (5,0,1,0,0)", T° = (T34, T34, Ty, Tog, Tp3)” =
(5,—7,—1,0,0)T.

3
We form the set Uo = U UL = {(2,3)%,(3,4)2,(2,3)%} of cyclic arcs.
k=1
3
The remaining arcs will be included into the set Uy = U Uk =1{(5,3)2,(5,3)%}.

k=1
Structures, representing the union of the sets U% Uéi, ke K =1{1,2,3} are
shown on Figure 2.

N
\
)
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/
—_————- N
P
i

xu)(
7z
//
A
[}
(444444/
7
7
QA
’

Y

74
.7
~
e )
N
-

/
X
[ )
oA
ra

®

Figure 2: Sets UK J U for networks S*, k € K = {1,2,3}
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Using formula (18) we compute the determinants of the cycles L* 0y €=
tailed by the arcs (7, p)* € UF\UE, for each k € K = {1,2,3}, with respect to
the equation (2a) with the number p = 1,2 (Table 4).

Table 4 Determinants of the cycles L¥  entailed by the arcs (7, p)*

UMUK k€ K ={1,2,3}

TP

(r.p)* [ (23] (3,47 ] (537 ] (2,3)? | (53)°
Ri(LE)| 0 3 —1 7 10
Ry(LE) 1 7 —6 5 3

Now, let us compute the values 5Z-j(Lﬁp), (i,7) € Uy, (1, p)F € Uk\Ujli, ke
K = {1,2,3} according to the formula (24) for the example (1la)-(3a), Uy =
{(254)}’ K0(2a4) = {2’3} (Table 5)

Table 5 The values (5Z~j(pr),(i,j) € U, (r,p)* € UF\ ULk € K =
{1,2,3}

(ro)f [ (23" 3,497 | (5,37 ] (2,3 ] (53)°
54 (LE,) | 0 —1 1 —1 0

Before assembling the matrix D of the system (28), let’s number the arcs
of the set : Uo = {(2,3)},(3,4)%,(2,3)3} : £(2,3)! =1, ¢(3,4)? = 2, #(2,3)® = 3.
The numbering within the set Uy = {(2,4)} is trivial: £(2,4) = 1.

First, we construct the matrix D; = (Rp(Lf.p), p =12 t(r,p)F =1,3)
of the determinants of the cycles Lﬁp , entailed by the arcs (7, p)* € Ug, by
selecting the corresponding columns from the Table 4:

0 3 7
Di= ( 175 ) '
Similarly, by selecting the corresponding columns from the Table 5, we
form the matrix Dy = (524(L7l?p), £(2,4) =1, t(r, p)k =1,3):

Do=(0 -1 —1).

Thus, joining D7 and Dy together, we obtain the matrix of the system
(28):

0 3 7
1 7 5 |,detD #0.
0 -1 —1

D



250 L.A. Pilipchuk, E.S. Vecharynski, Y.H. Pesheva

Let us compute the vector (3 in the right hand side of (28) using formulae
(29):
B = A' — Ri(L23)a2; — Ri(L33)xs,
2 = A? = Ry(L23)a2; — Ro(L33)xs,
3 = Aoy — 024(L3) w35 — Goa(L33)ad;.

The values R,(L%;), Ry(L3;), p = 1,2 of the determinants of the cycles
LTP, entailed by the arcs (, p)k € Uy, as well as the values dag (L23) and da4(L33),
are already computed and stored within the Table 4 and Table 5. The numbers

Al A% Ay, are evaluated using the formulae (19) and (26):
1 111 31151 42122 42152  421=2 4313
Al = a1 = AT~ M3Tl3 = A33T53— 3485, — N5~ A34d5— A543, —Nis Ti5 = 66,

2 _
A a2— )\125512 )\133313 )\235523 )\ 3324 )\455545 )\245524 )\ 3334 )\455545—36a

A24 = 294 — 5334 — 2?%4 = —4.
66 + 25 — 10x3,
Thus, we have defined the vector 3 = [ 36 + 622, — 323,

Since the matrix D turned out to be non-singular, we can use formula
30) for finding the solution z¢ = (zF , (7, p)* € UE, k € K) of the system (28):
0 p C

1 17
T % ?7 66 + 2, — 1023,
2, =] -= 0 —= 36 + 6225 — 3wd,
3 le 0 —4 — a2

4 4

Finally, using formulae (31) - (32), we can define the solution of the
system (la)-(3a) with x2,, z3;, being independent variables:

19 3 5 27 1 5

3 2 2 3 .3 2 3

xhy = 35 — 2wy — Buds, a3, = Y + 5753 + 5T53 T3 = 5~ 553 — 5T
Tly =29 — 222, — 8x35,

Ti3 = —25 + 2225 + 813,

9 1 5
2 2 3
T3 = 75 + 5753 + 5753



Solution of Large Linear Systems with Embedded ... 251

2 9 1, 53

Ty = — Tsa — =T

2 2
xys = T53 + 1,

17 1 5
3 2 3
Toa =~ 5 + 5753 + 5753

3 _ 13 1, 3 3

L34 = b} 29553 - 590537
3 _ .3
Tys = T53 — 1,

2 3
5653, 5653 S R.
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